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Abstract. The execution of an algorithm on computing machines is studied. By Cantor's diag- 
onal argument, we show that, the number of executions within a computation on a nondeterministic 
Turing machine is asymptotically greater than the number of steps within a computation on a de- 
terministic Turing machine. Thus a nondeterministic machine can have more computing power than 
a deterministic machine, therefore suggesting P 7^ NP. 
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1. Introduction. Turing machines take strings as input for its computation. 
The complexity of a computation is measured as a function of the size of the input 
string. In general, a machine has a finite nonempty set of input alphabet X. X* is the 
set of finite string over X. For a string ugE', |w| is the length of string u>. For a set 
X, \X\ is its cardinality, a sequence over X is a sequence whose terms are elements of 
X. Let N be the set of natural numbers. 

Proposition 1.1. The length of string u> is a natural number, i.e. \ui\ G N 
Every string u G X* can be writen as a sequence of symbols si...s„ where {si G 
X|z G N and 1 < i < n — \u>\}. Each of these symbols is an alphabet at a specific 
position within lu. The same alphabet at different positions represent distinct symbols. 
To encode the alphabet and position of a symbol of w, a set S(uj) — {siZ l \z ^ X A i G 
N A 1 < i < |w| A Si £ E is the ith symbol of uj} can be constructed. 

Proposition 1.2. The cardinality of S(uj) equals to the length of string uo. i.e. 

\S( U )\ = M 

Then S(ui) is a countable set. 

For a machine M, a computation over string u G X* is equivalent to a computation 
over the set S(ui). We study computations associated with sequences over S(u>). 

2. Computation on a deterministic Turing machine (DTM). On a DTM, 
an algorithm defines an order in which elements of input set S(u>) are read and com- 
puted. In each computation, the algorithm reads the elements of input set S(u>) in a 
single sequence. This sequence of operation is called an execution. One computation 
on a DTM can have a single execution.. 

Proposition 2.1. Deterministic Turing machine can only compute over a count- 
able input set. 

Proof. A deterministic Turing machine executes in a step-by-step manner, it can 
be shown that each of the steps is associated to a unique natural number. 

A deterministic Turing machine is a tuple (X, T, Q, 5), where Q is nonempty finite 
set of states containing qo, q acC ept, Qreject, T is nonempty finite set of tape alphabet, 5 
is the transition function 

6 : (Q - {qaccept, qreject}) X T- > Q XT X {1,-1} 

With the internal state q G Q and scanned symbol s G T as input, S defines the 
next state and symbol to be scanned. 

We assign natural numbers to the computation states: 
l)The initial state qo is associated with natural number 0. 
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2)if q~ 7^ ^accept and q~ 7^ q re ject is associated with natural number i, then q + of 
(q + , s' , h) = 6(q~ , s) is associated with number i+1. 

Then with mathematical induction, the state of each step in an execution can 
be associated with a unique natural numbers. Thus an execution can have at most 
countable steps, and can compute only over countable input set. 
D 

Essentially, the deterministic transition function enables the application of math- 
emetical induction to prove theorem 2.1. Such property is absent on a nondetcrmin- 
istic machine. 

3. Computation on a nondeterministic Turing machine (NDTM). On a 

nondcterministic Turing machine (NDTM) Mjv, multiple transitions are allowed at any 
"moment", and multiple sequences of transitions are executed. Each of the sequences 
of transitions is called an execution. A computation can have multiple executions. 

Proposition 3.1. In a computation on a NDTM, every sequence over the input 
set S(u>) has a distinct execution. 

Proof. We track all of the executions by recording the sequence of input symbols 
read by the NDTM. 

For each execution e, there is an order in which the machine Mm reads the symbols 
of input set S(u>). Initially, execution e sets its record R(e) to an empty string, when 
execution e scans an input symbol a £ S(u>), the symbol is appended to the existing 
R(e). Thus the records R of all executions are sequences over the input set S(ui), the 
BNF grammar of the recorded sequence is 
R ::= Ra\a 

a ::— elements of S(ui) 

Then R includes all strings whose alphabets are elements of S(u>). Every string 
r £ R is a record of an execution e, then e is the corresponding execution of r. 

For 2 cxeuctions e\ and e^ 1 if e\ = &2, then they have the same record string 
R{e\) = R(e2)- Equivalently, if R(e\) 7^ R{e2), &\ 7^ &i- 
D 

A computation on a NDTM contains the set of all executions. 

4. P/ NP. To put it simply, the number of executions within a computation 
on a NDTM is asymptotically greater than the number of steps within a computation 
on a DTM. 

In general, for fixed k e N, the kth Cartesian power of a set X is X k = {(x\, ...,Xk)\ Xi € 
X for all 1 < i < k}, if X is a finite set of cardinality \X\, the cardinality of its Carte- 
sian power is \X k \ — \X\ k . If X is a countably infinite set and k is finite, its Cartesian 
power X k is still a countable set. 

On a computing machine with input u, an execution within \uj\ k = \S(uj)\ k steps 
can only compute the kth Cartesian power of the input set S(ui), i.e. (S(oj)) k . Let 
P(n) be a polynomial of finite degree, there exists finite k G N such that \w\ k is 
asymptotically greater than P(|w|) 

lini|u;K°o M fc > l im M^co P(H) 

Let E(lj) be the set of all executions of a computation on a NDTM with input 
lu. If the input string uj is infinitely long, we have 1) from proposition 1.2, S(ui) is 
countably infinite. 2) from Cantor's diagonal argument, the set of all sequences over 
S(u>) is uncountable. 3) from theorem 3.1, the size of E(u>) is greater than the size of 
the set of all sequences over S(ui), thus E(u) is uncountable. 4) any finite Cartesian 
power of S(u>) is countable. Thus for any finite k, 

linVi-xx, \E(u)\ > lim^i^oo \S{oj)\ k = lim| wKoo \u\ k 



then for any polynomial P(n) of finite degree 

lim|«|->oo \E(u)\ > lim^i^oo P{\u\) 

On the other hand, from theorem 2.1, a computation on a DTM can have only 
countable steps. 

Thus in the case of infinitely long input string, the number of executions on a 
NDTM is strictly greater than the number of steps on a DTM, thus nondeterministic 
machine can have more computing power than a deterministic machine. 

The above case of infinitely long input string also applies when the input set S(ui) 
is enough large. In specific, for any polynomial P(n) of finite degree, there exists m, k, 
for all 1 5(0;) | > to, 1) the number of steps that a DTM can compute within polynomial 
time P(|w|) is less than |w| fc for some k. 2) the size of kth Cartesian power of S(u>) 
is strictly less than the number of all executions of a computation on a NDTM. Thus 
P < NP 
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